INSTANTON FLOER HOMOLOGY FOR LENS SPACES 
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Abstract. Floer constructed instanton homology for homology 3-spheres. In this paper, we 
extend instanton Floer homology to lens spaces L(p,q). Moreover we show a gluing formula 
' for a variant of Donaldson invariant along lens spaces. As an application, we prove that 

X = CP 2 #CP 2 does not admit a decomposition X = X\ U X<x, Here X\ and X2 are oriented, 
simply connected, non-spin 4-manifolds with b + = 1 and with boundary L(p, 2), and p is a 
prime number of the form 16 A + 1. 
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1. Introduction 



H 

P. 

Instanton Floer homology HF*{Y) was constructed in jTT] for oriented homology 3-spheres 
Y. This invariant is defined using flat connections over Y and moduli spaces of instantons 
over 7x1. As is well known, instanton Floer homology has an important role in calculations 
of Donaldson invariants for closed 4-manifolds. Let X be an oriented closed 4-manifold with 
{Sj . b + (X) > 1 and fix a cohomology class c G H 2 (X; Z). Donaldson invariant *&x,c for X is defined 
as a Q- valued function on A(X) = Q)d>oH 2 (X; Z)® d , using moduli spaces Mp of instantons on 
principal C/(2)-bundles P with c\{P) = c. Suppose that X has a decomposition X — X\ U X 2 , 
where X\ and X2 are compact 4-manifolds with b + > and with boundary Y and — Y respec- 
tively. Here — Y is Y with opposite orientation. We can define relative Donaldson invariants 
* Xl)B1 : A(X{) = m 2 (X 1 ;Z) -> HF.(Y), V X2 , C2 : A(X 2 ) = ®H 2 (X 2 ;Z) -> HF^-Y) where 
Ci = c\x 1 ,c 2 = c\x 2 - There is a natural pairing <-,->: HF*(Y) <S> HF*(—Y) — >■ Q, and we 
have a gluing formula \I>x, c =< ^1,01,^X2,02 >• Note tnat ^(^) = ^(-^1) ® A{X 2 ) since Y 
is a homology 3-sphere. We can completely determine *&x,c m terms of the relative invariants 
from the gluing formula. 

There is a variant ^I/^ 1 of Donaldson invariants [10J, [TS] defined using a cohomology class 
U\ G iJ 1 (Mp; Z 2 ). The cohomology class u\ is the first Stiefel- Whitney class of the determinant 
line bundle of the real part of twisted Dirac operators over X. The variant is a function 
on a subspace A'(X) of A(X) with values in Z 2 . Variants of instanton Floer homology are 
defined for oriented homology 3-spheres in [13] and [19], and there is a similar gluing formula 

lor vi/;;;. 

A natural problem is how to define instanton Floer homology for more general 3-manifolds 
Y, which enable us to construct gluing formulas for more general decompositions of X. Mainly 
there are two difficulties when we try to generalize instanton Floer homology: 

(i) The existence of reducible (projectively) flat connections on 3-manifolds. 

(ii) H 2 (X; Z) is not isomorphic to the direct sum H 2 (X\] Z) © H 2 (X 2 ; Z). 

(i) implies that moduli spaces of instantons over 7x1 can be singular. Even if the moduli 
spaces are smooth, the usual proof that the square of the boundary map is zero breaks down, 
(ii) implies that we must consider the situation where a surface in X representing an element 
in H 2 (X; Z) is also decomposed by Y. 
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There are some partial answers to each problem. Austin-Braam [3] and Donaldson [7] 
introduced equivalent versions of instanton Floer homology under some assumptions in order to 
overcome the problem (i) of reducible flat connections. The equivalent Floer homologies enable 
us to generalize the gluing formula for Donaldson invariants *&x,c- Furuta [H] defined an analog 
J*(L(p, q)) of instanton Floer homology for lens spaces L(p, q), making use of Dirac operators 
over L(p, q) x R. Note that all flat connections on L(p, q) are reducible since the fundamental 
group of L(p, q) is abelian. Using this analog we can construct a gluing formula for the variant 
of Donaldson invariants. However these gluing formulas can not be applied to the problem 
(ii). That is, these gluing formulas calculate only the restrictions of the invariants ^ x,o 
to the images of the natural maps A(X l ) <g> A(X 2 ) ->■ A(X), A!{X X ) g> A'(X 2 ) ->■ A'(X). 

On the other hand, Fukaya [12J introduced a generalization HFF^iY, Q; 7) of instanton Floer 
homology for general 3-manifolds Y, C/(2)-bundles Q over Y and a loop 7 in Y, provided that 
all (projectively) flat connections on Q are irreducible. This generalization gives a complete 
answer to (ii). That is, we can show a gluing formula which completely calculate Donaldson 
invariants in terms of relative invariants of Xi,X 2 . See [J]. But it seems that the assumption 
on (projectively) flat connections on Q has not been removed. Thus the problems (i) and (ii) 
have been separately dealt with. 

In this paper, we deal with both (i) and (ii) at the same time for lens spaces. We apply 
Fukaya-Floer type construction to lens spaces with some modifications (Subsection 12. 3p . We 
will define an analog I*(L(p, q)\ 7) of Fukaya-Floer homology for an odd prime integer p and a 
loop 7 in L(p, q). In the construction, we make use of Dirac operators as in [13]. Moreover we 
construct a gluing formula for along L(p, q). 

As an application, we will prove that X = CP 2 #CP 2 does not admit a decomposition 
X = X\ U X 2 . Here X\ and X 2 are simply connected, non-spin 4-manifolds with b + = 1 
and with boundary L(p, 2) and —L(p, 2) respectively, and p is a prime number of the form 
16 N + 1. See Theorem 14.101 This is based on a calculation of I*(L(p, 2)), I*(L(p, 2); 7) and 
the non- vanishing of 1 i r ^. The calculation of Floer homologies requires counting the number 
of instantons over L(p,2) x R. This was done in [2], [U] and [H]. The non- vanishing of ty 1 ^ 
was proved in [19]. 

We give a remark which is related to Seiberg-Witten theory. In [23], Witten introduced 
Seiberg-Witten equations and defined Seiberg-Witten invariants using the moduli spaces of 
solutions to the equations. Witten also conjectured that Seiberg-Witten invariants are equiv- 
alent to Donaldson invariants and that Donaldson invariants can be calculated in terms of 
Seiberg-Witten invariants through a formula. This formula has been proved for many 4- 
manifolds. (See [H] and [IS]-) Moreover Seiberg-Witten theory gives us simpler proofs of many 
results obtained by Donaldson theory and new stronger results. Theorem 14. 101 is in contrast to 
such things. We should not expect that Theorem 14. 101 can be proved by Seiberg-Witten theory, 
because CP^CP 2 has a metric of positive scalar curvature and any invariants from Seiberg- 
Witten equations (Seiberg-Witten invariants and a refinement due to Bauer and Furuta [5]) 
are trivial. 

2. Constructions of instanton homology 

2.1. Preliminaries. Let p,q be relatively prime integers with < q < p, and denote by 
L(p, q) the lens space S 3 /^. Here the action of Z p = { ( G C | ( p = 1 } on S 3 = { (zi, z 2 ) G 
C 2 I |^| 2 + \z 2 \ 2 = 1 } is defined by 



(■(Z 1 ,Z 2 ) = ((Z 1 ,(' 1 Z2). 
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Throughout this paper, we consider only the Riemannian metric on L(p, q) induced by the 
standard Riemannian metric on S 3 . In this subsection, we take up some basic facts about 
5C/(2)-flat connections over L(p, q) and moduli spaces of instantons over L(p, q) x R. 

We consider L(p, q) as an oriented manifold with the orientation induced by the standard 
orientation of S 3 . We write —L(p, q) for L(p, q) with the opposite orientation. Let Y be 
L(p,q) or —L(p,q). The moduli space R{Y) of flat connections on the trivial S , f/(2)-bundle 
Q = Y x SU(2) is identified with Hom(7Ti(y), SU{2))/ conj. Since ^\{Y) is abelian, all flat 
connections are reducible. That is, the stabilizer V p of any flat connection p in the gauge group 
is isomorphic to U(l) or SU(2). For each class [p] G R(Y) represented by a flat connection p, 
we define an index <5y([p]) G Zg = Z/8Z as follows. Let A be an S"[/(2)-connection over FxK 
such that 

f 7t*p on Y x (-oo,-l), 
\ n*9 on Y x (l,oo). 

Here tt : Y x R — > Y is the projection and 9 is the trivial flat connection of Q. Take a small 
positive number e > and define the function W~ + : Y x R — > R >0 by 

W- + (y,t) = e^. 

We define a weighted L 2 norm || • || L 2,(- e ,e) on the sections of (A yxM © Ay xR ) eg) n*Qp by 

ll/IU-...) := IIW+ZHl.. 
Similarly, we define a weighted L\ norm II • II 2 ,(- E , e ) on the sections of A yxR <g> tt*qp by 

||/|| L ,,(-e,e) := ||^- + /IU ? . 

We consider the operator 

D A = d* A + d\: L 2 ' ( - e ' e) (Ak K ® n*Q P ) — ► L 2 '(-^((A°. xR © A+ xR ) © 0P ). 

We define <5y([p]) G Z§ to be ind h Da mod 8. Here ind~ + Da '■= dimKerZ)^ — dimCoker D^. 
We can easily see that <5y([p]) depends only on the class [p]. 

For each flat connection p over Y, we have the complex: 

fi°y(0p)^^(gp)^y(0p). 
Let H l {Y\ adp) be the z-th cohomology group of this complex. 

Lemma 2.1. i/ 1 (y;adp) is trivial. 

To prove this, consider the pull-back p of p by the projection S 3 — >■ Y = S 3 /7j p . Then 
ad p) is identified with the invariant subspace of the natural action of Z p on iT 1 (S' 3 ; ad p). 
Since S" 3 is simply connected, p is gauge equivalent to the trivial connection. This means that 
^(S^adp) is isomorphic to H 1 ^ 3 ;^) © su(2). But /f 1 (S' 3 ;R) is trivial. Hence we have 
obtained the statement. 

Lemma |2~T1 implies that if the curvature of an instanton over Y x R is L 2 -integrable, then the 
instanton exponentially converges to some flat connections at ±00 with respect to any Sobolev 
norms. (See Section 4.1].) We consider moduli spaces of instantons whose curvatures are 
L 2 -integrable. Let M pa denote the framed moduli space of instantons with limits p, o. That is, 
M pu is the quotient of the space of instantons with limits p at —00 and a at +00 by the group 
of gauge transformations with limit 1 at ±00. The group V p x T a naturally acts on M pcr , and 
put M pa := M pa /Y p x Y a . ( As stated above, Y p is the stabilizer of p in the gauge group.) 
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Lemma 2.2. Let p,a be flat connections over Y which represent deferent classes in R{Y). 
Then the moduli space M pa is a smooth manifold, and 

dimM po - = 8y ([p]) — Sy([c)) — dimTp mod 8. 

First we consider the deformation complex of the framed moduli space M pa at [A]: 

(1) L l'^' e \^-YxK ® SU ( 2 )) ^l' (e ' €) (^yxl ® SU ( 2 )) i2 ' (f ' £ '( A FxR ® SU(2)). 

Here L 2 '^ is the completion of the space of compact supported sections by a weighted L 2 
norm defined by a function W ++ : Y x R — > R >0 with 



W ++ (y,t) 



e~ et if t < — 1 
e et if t > 1. 



Similarly for Ll'^' e \ L 2 , \ We can show that the second cohomology of the complex is trivial 
by using Weitzenbock formula for d*/ + d\ , since the Riemannian metric of Y x R is self-dual 
and the scalar curvature is positive. (See [1] for the case when the 4- manifold is closed.) Here 
d* ,e is the formal adjoint of d A with respect to the wighted Sobolev norms. This implies that 
M pa is a smooth manifold. 

Next we show that all instantons A with limits p, a are irreducible. Suppose that A is 
reducible. Then we can write 

A = a® -a 

for some ?7(l)-connection a. Since *F a = —F a and F a is closed, we have 

d*F a = *d * F a = - * dF a = 0. 

Hence F a is a harmonic 2-form over 7x1 Moreover F a decays exponentially as t — > ±oo. 
Thus we have 

F a G ker(cf + d) n L 2 = lm(H 2 (X T , dX T ; R) -> i/ 2 (X T ; R)). 

Here T > is a positive number and X? = Y x [— T, T]. Note that H 2 (Xt'-, R) = since Y is 
a lens space. This means that a (and hence A) is a flat connection over 7x1. 

Let A 1 be a connection which is gauge equivalent to A and is in temporal gauge. Then by 
the instanton equation we have 

OA' 

— = -* Y F A , = 0, 

where *y is Hodge *-operator over Y and we have used Fa> = 0. Therefore the restriction A' t 
of A' to Y x {£} is independent of t, and especially [p] = [a] in -R(K). This is a contradiction 
since we assumed [p] ^ [a]. Thus A is irreducible. 

The fact that A is irreducible implies that the stabilizer of [A] G M po - in T p x T a is {±(1, 1)} 
and that the action of T p x Y a / {±(1, 1)} on M p(T is free. Hence the quotient M pa = M pa /Y p x r CT 
is also smooth. 

We show the second part of the lemma. The dimension of the framed moduli space M pu is 
the index ind ++ (<i^ <E + d\) of the complex (JTJ). This is equal to 

ind~ + (d* A + d\) + dim To-. 
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(See [7J Proposition 3.10, Proposition 3.19].) Hence we have 

dim M pa = dim M pa — dim Y p — dim r CT 

= ind~ + (d* A + d\) — dimT p 

= 5y([p]) — <5y([cr]) — dimTp mod 8. 
Here we used the additivity of the index in the last equality. 

2.2. Analog of Floer homology. In this subsection, we review the construction in [1] 
Floer homology for a homology 3-sphere Z [11] is defined to be the homology of the chain 
complex generated by gauge equivalence classes of flat connections over Z. The boundary 
operator is defined by counting number of points of 0-dimensional moduli spaces of instantons 
over Zxl (with signs). If we apply this construction to a lens space Y, as explained in [T3], 
we will face the problem that the square of the boundary operator is not zero. The idea to 
overcome this problem is that we modify the definition of the boundary operator using twisted 
Dirac operators over 7x1 

For each % G Z, let CFiiY) be the vector space over Z2 spanned by 
{ [p] G R(Y) I T p - 17(1), 5 Y ([p]) =% mod 8 }. 

Then we put 

Cf\Y) := CF 2l (Y), C\ l \Y) := CF 2i+1 (Y). 

We will define the boundary operator : — > C^°\ as follows. ( The definition of 

<9« : CP CS?! is similar.) 

Take generators [p] G C\ -(Y), [a] G C^ 1 {Y). By the dimension formula in Lemma [2.21 we 
have 

dim M pa = 2-1 = 1 mod 8. 
We can take representatives p, a of the classes such that 

dimM p(J = 1. 

We define M' pa C M pa to be the moduli space of instantons with center of mass 0. Here the 
center of mass of A is defined by 



t\Fji\ dfiyxR G M. 

YxR 

Standard arguments, which can be found in [7], show that M' pa is a compact smooth manifold 
of dimension 0. That is, M' pa is a finite set. 

Fix a spin structure s of Y and a connection A with limit p, a. Then we have the twisted 
Dirac operator over 7x1: 

ty A : Ll' ( - e ' e) (S + <g> E) — > L 2 >(~ e > e \S~ ® E). 

Here E is the rank 2 complex vector bundle over 7x1 associated with ir*Q and S are the 
spinor bundle of the spin structure. We denote ind~ + $ a G Z by i pa . We put 

#M' mod 2 if i pa = 1 mod 2, 



<<9 (0) ([P]),M >: 



These matrix elements define the map 



L pa 1±±VJU ^ 1L "per 

mod 2 otherwise. 

(o) , ^(o) 



i-V 



Lemma 2.3. d<® op = 0. 
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For generators [p] G C\ = CF 2 i and [t] G C\_ 2 = CF 2 i-4, we have 

< o dM([p}), [T] >=J2< 5(0) ([P])> M >< 9 i0) ([a)), [r] > . 

M 

Here [a] runs over the set of generators of Cl_ v 

If i pr = 1 mod 2, then 2 pcr or % CT is even by the additivity of the index. By definition, 
< 9^([p]), [er] > or < 

d (0) (M)> M > is trivial, and hence < <9 (0) o <9 (0) ([p]), [r] >= mod 2. 
To prove the lemma in the case when i pr = mod 2, we consider the moduli space ML. . 
By the formula in Lemma 12.2^ 

dimM pr = S Y ([p\) - 6y{[t\) -1=4-1 = 3 mod 8. 

Hence we have the 2-dimensional moduli space M' pT of instantons with center of mass 0. We 
need a real line bundle A over the moduli space M' pT , which is defined as in [8] for closed 
4- manifolds. There is the universal bundle E over (Y x R) x M pT : 

E:=Exg Aff — > (Y x R) x M pr . 

Here A l p ^ is the space of instantons with limits p, r and Qq is the group of gauge transformations 
with limit 1 at ±oo. For each A G A"™ 1 , we have the real part of the twisted Dirac operator 

@> A ) M : L 2 { ( - a > a) ((S+ ® E) R ) — > L 2 ^ a \{S- ® S) R ). 

The universal bundle and the family of the real operators define the determinant line bundle 
over the framed moduli space: 




We have a natural action of V p x T T on A which is a lift of the action on M pr . The subgroup 
{±(1,1)} acts on Mpr trivially and on the fiber of A with weight ind 'Pa = ipr- Since we 
assumed that i pr is even, the action on the fiber is also trivial. Hence A descends to a line 
bundle over M pr . We denote the restriction to M' pr by A. 

Take a generic section s of A. We consider the end of the zero locus s _1 (0). A standard 
argument, which can be found in [7], shows the following: 

Lemma 2.4. Any sequence {[A a ]} a in M' pT has a subsequence {[A a r]} a > which is chain- 
convergent to some ([Ai], [A2]) G M' pa x M' ar . Here a is a fiat connection with T a = U(l) 
and dim M' pa = dim M' aT = 0. 

As is well known, gluing instantons gives the map 

Gl : J]m; ct X M; T x (r CT /{±l» x (T ,oo) — > m; t , 
H 

where [a] runs over the set of generators of C^, and To is a large positive number. The gluing 
map Gl is a homeomorphism to an open set in M' pr and the complement of the image of Gl is 
compact. 

Fix Ti > T and put M pT := ML. \ imGI >Tl . Here GI>t x is the restriction of Gl to the domain 
where the parameter T is larger than T\. For a generic section s of A, N" := s _1 (0) D M" is 
a smooth compact 1-dimensional manifold with boundary 

II {M' pa x M' UT x (r ff /{±i}) x {TJ) n ^(0). 

M 
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For a G M' p<J x M' aT , we denote by U(l) a the corresponding gluing parameter. That is, £/(l) a := 
{a} x (r CT /{±l}) x {7\} = 17(1). 

Lemma 2.5. TTie line bundle A is non-trivial on U(l) a if and only if 

i pa = 1 mod 2. 
Note that i pa = i UT mod 2 since we assumed i pr = mod 2. 

This lemma can be proved in the same way as [T9J Lemma 3.14]. We give outline of the 
proof. Let p : T a — > U(l) a be the projection. The gluing theory gives a natural trivialization 

A := p*A| [/(!)„ = R. 

We have the natural action of Z 2 on A and A/Z 2 = A|[/m . Through the trivialization, the 
action of — 1 G Z 2 on the fiber is (— l) lpCT . ( See ([3]) below.) Hence we have obtained the 
statement. 

By this lemma, we have 

#«9iV; T = #M;.-#M; t mod 2 

[cr]; ipo-^io-r^l mod 2 

= (O) ([d), [a] X ^([a]), [r] > mod 2 

M 

E<3 (0) oa (0) ([p]),[r]> mod 2. 

On the the hand, the number of the boundaries of a 1-dimensional compact manifold is even. 
Hence we have obtained the required identity 

< <9 (0) o«9(°)([p]),[r] >=0 mod 2. 

We can also show o = by the same arguments. 

Definition 2.6. I^(Y;s) := H,(d 0) {Y),d^), 7«(F;s) := H*(Ci l) {Y), 9«). 

2.3. Analog of Fukaya-Floer homology. The aim of this subsection is to construct ana- 
log of Fukaya-Floer homology [12] for lens spaces. Fukaya-Floer homology is defined for a 
triple of a 3-manifold Z, a f/(2)-bundle Q over Z and a loop 7 in Z, provided that all (pro- 
jectively) flat connections on Q are irreducible. The boundary operator is defined using not 
only O-dimensional moduli spaces over 2x1 but also 2-dimensional moduli spaces. As in the 
previous case, to extend this construction to lens spaces Y, we must change the definition of 
the boundary using twisted Dirac operators over FxR. Furthermore, as we will see later, we 
need to look out the contribution of the trivial connection differently from [12], [1] and the 
previous subsection. The discussion which involves the trivial flat connection is similar to that 

in ps]. 

Throughout this subsection, we assume p is an odd prime integer. The assumption that p 
is odd implies that Y has an unique spin structure (up to isomorphism), and we have 

5 Y ([p\) = mod 2 

for all flat connections. See Corollary 14.41 Moreover the only trivial flat connection has SU(2) 
as the stabilizer in the gauge group. 
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Let 7 be a simple closed curve in Y. Put 

r(v x _ J CF 2i (Y) © CF 2t . 2 {Y) if ^ mod 8, 

^ ' TJ * \ CF (Y) © CF_ 2 (y) © Z 2 < [9] > if i = mod 8 . 

We will define the boundary operator <9 7 : C*(F; 7) — >■ C*_i(y; 7) as follows. 
As before, we define the matrix elements 

< <9 7 ([p]), [<r] >gZ 2 

for generators [p] G Ci(Y;j), [a] G Ci^i(Y;j) using moduli spaces over Y x R. First assume 
that 

MM) -MM) = 2 mods. 

In this case, we have the moduli space M' pa of dimension 0. As before we define 

<9 7 ([p]), M >:=( # f- ™\\ ^T 1 m ° d2 ' 
j / ? j ^ mod 2 otherwise. 

Next we consider the case where 

[p],M^[0], MM) -MM) =4 mod8. 

In this case we have the moduli space M' pa of dimension 2. To define the matrix element, we 

use the determinant line bundle of twisted (^-operators over 7 x R. Take a spin structure of 7 

which represent the trivial spin bordism class. ( See [T9| Remark 2.3] for the reason why we 

choose the spin structure. ) The spin structure induces a spin structure of 7 x R (i.e. a square 
1 ' _ 

root K^ xR of the canonical line bundle K 1X ^ ) and we have twisted <9-operators 

B A : r(4x R ® E) — »- r(i<:| xK © E © A°i). 

Here is the rank 2 complex vector bundle over Y x R associated with tt*Q and A is a 
connection on n*Q with limit p, er. As in the previous subsection, the family of twisted 8 
operators defines the determinant line bundle C r , pu over the framed moduli space M' . We 
show that this line bundle descends to a line bundle over M' pa . It is sufficient to prove that 
the index of Ba is even. 

Lemma 2.7. When p is prime, we have: 

(1) Assume that [7] e Hi(Y;%) is trivial. Then for any flat connections p,o~ connections 
A with limits p, a, the index ind~ + Ba is even. 

(2) Assume that [7] 6 H\(Y;Z) is non-trivial. Take flat connections p,a with T p ,T a = 
U(l). For any connection A over FxK with limits p, a, the index ind h Ba is even. 

We can see ([T]) in this lemma as follows. Since [7] G Hi(Y;7i) is trivial, the restrictions 
p| 7 ,o"| 7 are gauge equivalent to the trivial flat connection over 7. In particular, p| 7 is gauge 
equivalent to er| 7 . By additivity of the index, ind~ + Ba is equal to the index of <9-operator over 
7 x S 1 twisted by the SU (2)-bundle. This index is zero by the index theorem. 

The second part of Lemma 12.71 follows from: 

Lemma 2.8. Assume that [7] G Hi(Y;1i) is non-trivial and that p is prime. Take flat con- 
nections p,o~ with T p , T a = U(l). For any connection A with limits 9 and p or with limits a 
and 9, the index ind h Ba is odd. 
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Assuming Lemma 12.8} we give the proof of Lemma 12.71 By the additivity of the index, we 
have 

ind" + d Agp + ind" + d Apa = ind" + d Aga . 



Here Ag p is a connection with limits 9, p. Similarly for A pa , Ag a . By Lemma l2.8[ both ind <9a Sp 
and ind~ + dA 6a are odd. Therefore ind~ + <9a pct is even. 

We will give the proof of Lemma 12.81 at the end of this subsection. 

We go back to the definition of <9 7 . As before suppose that £y([p]) — £y([cr]) = 4 mod 8 and 
that [p] , [a] 7^ [8] . By Lemma 12. 7\ we have the determinant line bundle 

r — r iv x r c -> m' 

*~"y;po- ■ l ~"y;pa I x p /N x a 7 lv± pa' 

We want to define the matrix element < <9 7 ([/?]), [a] > to be #s 7 _1 (0) mod 2 for a generic 
section s 7 : M' po . — > £ r<pa if i pa = 1 mod 2 and zero otherwise. However M' is not compact in 
general. We need a section of C ltPa which is non-vanishing on the end of M' and transverse 
to the zero section. The end can be described as in the proof of Lemma 12.31 The end is the 
image of the gluing map 

Gl : J] M' m x M; CT x (iy{±l}) x (To, oo) — ► M' pa . 

M 

Here [p] runs over the the set of gauge equivalence of flat connections with 5y ( [p] ) — 5y ( [p] ) = 2 
mod 8 and with T M = U(l). We can take a desired section s 7 as follows. 

First for each [p] fix generic sections s TPP and s 7;Atcr of the determinant line bundles over 
M pfl and M' . The zero loci of these sections are empty. 

Next we consider the end of M' described by gluing instantons [Ax] e M' pfl and [A?\ e M pa , 
which is identified with E = (T p /{±1}) x (T ,oo). Let C be the pull-back of the restriction 
^■y:pa\E by the projection 

T p x (T , oo) ^ £ = (V{±1» x (T , oo). 

On x (Tq, oo), the additivity of the index gives an isomorphism 

(2) Gl : (£ 7:pM )[Ai] ^ {£ r -^)\M\ £■ 
For (g, T) G T M x (T , oo), we have 

(3) Gl\ ig , T) = (-iy^ +B ^-Gl\ { - g , T) . 

Here (j/|( ff) T) is the restriction of Gl to the fiber over (g,T). This can be seen as follows. The 
gauge equivalence class of instanton corresponding to (g,T) is obtained by gluing instantons 
u(Ai) and A 2 , where u is a gauge transformation over VxR with limit g at +oo. On the other 
hand, the gauge equivalence class corresponding to (—g,T) is obtained by gluing —u{A\) and 
A 2 . The action of —1 on the fiber (£ 7;PA1 )[ J 4 1 j is (— l) md + . Hence we have obtained (jSJ). 
By Lemma [2.71 ind h 8a 1 = mod 2. Thus we obtain: 

Lemma 2.9. The above isomorphism (TJ|) descends to an isomorphism 



over 



E = (r M /{±l» x (T , 00) 
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As in [T§1 Section 2], we can construct a section s 7 : M' — >■ £ pcr which is compatible with 
the identification of Lemma 12.91 That is, if [A a ] be a sequence of points in M' converging 
to some ([Ai], [A 2 ]) G M' x M' then s 7 (L4J) -> s 7;PM (L4i]) 



([A 2 ]) in the sense of [HI 
Definition 2.7]. The section s 7 does not vanish on the ends of the moduli space, since s 1 - pll and 
s 7;Alcr are non- vanishing sections. Thus the zero locus s 7 1 (0) is compact. Perturbing s 7 over a 
compact set in M' we may assume that s 7 is transverse to the zero section. Therefore s 7 1 (0) 



is a finite set. We define the matrix element by 

^(O) mod 2 if V 



< d^lp]), [a] >: 



1 mod 2 







mod 2 otherwise. 



Next we define the terms which involve the trivial connection. Let [p] G CF 2 (Y) C Ci(Y; 7), 
[a] = [9] G Cq(Y;j). Then we have a 0-dimensional moduli space M' p6 . We define 

#M' p8 mod 2 if z pe = 1 mod 2, [7] ^ in H X (Y\ Z), 
mod 2 otherwise. 



<<9 7 ([p]),[0] >:= 



Let [p] = [9] G C (y;7), M G Ci^Y) C CF^Y^). Then 

dimM^ = <S y ([0]) - MM) - dimT e = - (-4) -3 = 1 mod 8. 

We have a 0-dimensional moduli space M' S(T . We put 

#M' 0tT mod 2 if z 0(J = 1 mod 2, [7] ^ in H X {Y\ Z), 
mod 2 otherwise. 



<a y ([fl]),M >:= 

We define other matrix elements to be zero. 



The part of the boundary map which does not involve the trivial flat connection is as the 
following diagram: 

Q(Y; 7 ) — ^ CU(Y; 7) — C< _ 2 (Y; 7) 



CF 2i (Y) 



CF 2i _ 2 (r) — -CF 2i _ 4 (y) 



CF 2J _ 2 (F) CF 2t . 4 {Y) CF 2l ^{Y) 

The horizontal maps are defined using 0-dimensional moduli spaces, and the diagonal maps 
are defined using 2-dimensional moduli spaces and the determinant line bundles of 7 x 1. 

The part of the boundary map which involves the trivial flat connection is as the following 
diagram: 



(4) 



d(y; 7) — C (Y; 7) — CU(Y; 7) 



CF 2 (Y) 



CF (Y) 



CF (Y) 




CF^ 2 {Y) 



CF_ A (Y) 



Z 2 < [9] > 
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The a, c and e are maps from CF 2 (Y), and the b, d and / are maps into CF_ i {Y). (These 
notations will be used later.) 

Lemma 2.10. <9 7 o <9 7 = 0. 

We must show < d 1 o c? 7 ([/>]), [r] >= mod 2 for all generators [p] G Ci(Y;^),[r] G 
Ci_ 2 (y ;7). We give the proof in the case where [p] G CF 2i (F) C Ci(F; 7), [r] G CF 2i _ 6 (F) C 
Cj_ 2 (y; 7)- The proof for the other cases is the same as that of Lemma [2.31 

If i pr = 1 mod 2, then we have i pa = 1 mod 2 or % aT = 1 mod 2 for generators [a] of 
Ci_i(F;7). Hence < <9 7 ([p]), [cr] >= mod 2 or < <9 7 ( [<x] ) . [r] >= mod 2 by definition. 
Since 

<a 7 ([p]),[r]>=^<a 7 ([p]),[ ( 7]><a 7 ([ ( 7]),[r]>, 
M 

we have < <9 7 o 9 7 ([p]), [t] >= mod 2. 

Suppose that i pT = mod 2. We consider the moduli space M' pT of dimension 4. We analyze 
the end of a 1-dimensional moduli space 

N = M' pT ns-^ T (o)ns- A i pT (o), 

where s 7;pr and s\ ]pr are sections of C r<pr — > M^ T and A — >■ M^ T respectively. 
A dimension counting argument shows the following: 

Lemma 2.11. Let {[A a ]} a be a sequence in M' pT . Then we can find a subsequence {[A a ']} a i 
such that 

(i) [A a '} — > ([Ax], [A 2 ]) G M' pa x M' aT , where a is a flat connection with T a = U(l),and 
dirnM^ = 2, dimM; T = 0, (i.e. [a] G CF 2i ^) or 

(li) [A a '\ — > ([Ax], [A 2 ]) G M' pa x M' aT , where a is a flat connection with T a = U(l),and 
dim ML, = 0, dimM; r = % (i.e. [a] G CF 2i _ 2 ) or 

(Hi) [A a '\ — )• {[At], [A 2 ]) G M' p6 x M' 6a , and dimM;, = 0,dimM^ = 0. 

Note that (JuiJ occurs only if [p] G CF 2 (Y) C CF^F^), [r] G OF_ 4 (y) C Ci^Y^), and 
that the case where dimM' = dimM^. T = 1 does not occur since <5y([p]) — 5y([cr]) = mod 2 
for all p, a as we will prove in subsection 14.11 (Corollary 14.41) 

We consider the case where (Jul]) may occur. That is, [p] G CF 2 (Y), [r] G CF_ 4 (F). As 
usual, we take a section s Tpr of £ 7;pr — > ML. such that if [A a ] — > ([Ax], [A 2 ]) G M' pa x M^ T 
and T CT = U(l), then s 7;pT ([A Q ]) -» s 7;p(T (L4i]) <g) s 7;CTT (L4 2 ]). By Lemma E7TT1 the end of N is 
identified with 

II II(^(i) n n SA; 1 pr (0))u 

H: 

<5y([cr])=-2 mod 8 

m II II (tf(i)a n < T (o)) u 

<5 y ([ff])=0 mod 8 

U(5O(3) c n^ r (0)n SA; 1 pr (0)). 

c 

Here a, b and c run over 

(M' pa n ,-^(0)) x M; T , M' pa x (M; T n ^(O)), and M' pd x M^ T 
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respectively. For a = ([Ai], [A 2 ]), U(l) a is the gluing parameter used to glue instantons [Ai] 
and [A 2 ]. Similarly for U(l)f, and SO(3) c . We denote the first term in (jSJ) by diN, and the 
second and third terms by d 2 N and d^N. From Lemma [2.51 we have 

Jk(TT(-\\ n - 1 (V>W - / 1 mod 2 if V = W = 1 mod 2 

|o mod 2 otherwise. 

Therefore we obtain 

= E #(M; a n s-J^o)) x m: t 

H: 

<5y([cr])=-2 mod 8 
ipCT=i<ri-=l mod 2 

£ <d 7 ([p}Ua}><d 7 ([a}),[r}> 

[a]: 

5y([<r])=-2 mod 8 

^E< a (M), M >< KM). M > mod 2. 

Here a, 6 are the maps in the diagram (j3J). Similarly we have 

# 9 2iV = £ < ^([p]), [a] X «9 7 ([a]), [r] > 

H: 

5y([(r])=0 mod 8 



£ < c([p]), [a] X d([<r]), [r] > mod 2. 



Here c, d are also the maps in . 

To compute #dsN 3 mod 2, we must know whether A|s ( 3 ) c and £p T |so(3) c are trivial or not. 
As [T9| Lemma 3.14], we can show that A|so(3) c is non-trivial if and only if 

i pd = ig T = 1 mod 2. 

Similarly C^- pT \so(3) c is non-trivial if and only if 

ind~ + Ba 1 = ind _+ Ba 2 = 1 mod 2. 

Here c = ([AJ, [A 2 ]) e x M^ r . By Lemma O and EH we obtain: 

Lemma 2.12. The line bundle C TpT is non-trivial over SO(3) c if and only if [7] e Hi(Y; Z) 
non-trivial. 

Therefore it follows that 

#M;,-#M^ t mod 2 ifv=i 0r = l mod 2, [7] ^0 € H^jZ), 
mod 2 otherwise. 

=<e([p]),[0]></([0]),[r]> mod 2. 
Here e and / are the maps in Thus we have 
#diN + #d 2 N + #d 3 N 

a (M), M >< b([a)), [r] > +J2 < M >< [r] > 

+ <e([p]),[0] ></([0]),[t]> 
=< d 7 o<9 7 ([p]), [r] > mod 2. 



#<9 3 iV 
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Since the number of the ends of a 1-dimensional manifold is even, the left hand side is even. 
Thus we have obtained < d 1 o d 1 (\p\) , [t] >= mod 2 as required. 

The proof for the other cases is similar and we omit the proof. 

Definition 2.13. Let p be an odd, prime integer and Y be L(p,q) or —L(p,q). Define 

J*(r; 7 ):=#*(^(^7)A)- 

We can show that I*(Y; 7) is independent of the choice of sections of C TtPa , up to canonical 
isomorphism, using standard arguments. 



It remains to prove Lemma 12.81 
Proof of Lemma \2.8\ 

Let p be a flat connection over Y with T p = U(l) and take a connection A over 7x1 with 
limits 9, p. We can take a gauge transformation g over 7 such that 

9*{p) = Pi® ~Pi 

over 7. Here / is a positive integer with 1 < I < p — 1, pi = 27rl ^~^ dip, and ip is a coordinate 

of 7 such that the restriction of the Riemannian metric of Y to 7 is written as dip® 2 . Note 
that the restriction p| 7 is not gauge equivalent to the trivial connection because [7] 7^ in 
Hi(Y;1,) = Z p and we assumed that p is prime. Hence / is not zero. Since SU(2) is simply 
connected, we can take a gauge transformation g over 7 x R such that 

<7l7X(-oo,-l) = 1) £n7x(i,oo) = 9- 

Since ind~ + Ba depends only on the limits of the restriction A| 7xK , it is sufficient to consider 
a connection A of the form 

A = a © -a. 

Here a is a U(l)-connection such that 

6 on 7 x (—00, —1) , 
pi on 7 x (1, 00) . 

The index ind h Ba is the sum ind h B a + ind _+ <9_ a . We compute ind~ + B a and ind~ + <9_ a . 
For t E [0,1], put 

2^vl^/^lt , 

a t = dip. 

p 

We give the complex structure 7 x R using the coordinate 

z = t + \/—lip 

where t is the coordinate of R and (p is the coordinate of 7. We trivialize the line bundles 
K lxR = A 7 '° R and A°' xM using e y ^ tp dz = e*~^ 9 {dt + \/^ld(p) and dz = dt — \f—\dip re- 
spectively. (The factor e^~^ ip makes the trivialization of K 7X m be compatible with the spin 
structure of 7 x R chosen before.) Through these trivializations, the twisted (9-operator B at is 
written as 

I f d . — d 2ixlV 

d a , = 7T7 + >/=T- 



2 \(9t p 
The index ind h 9 a is equal to the spectral flow of the family 

V^lj; + e (0 < t < 1 

dip p 
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where e > is the small number used to define the weighted Sobolev spaces L 2, ( £,e \ e ' e \ 
The spectra of this family are 

, . . 2ttU , _. 

XJt) = he + 2vm (n e Z). 

P 

^From this, we have ind h <9 a = — 1. 

Similarly, the index ind _+ <9_ a is equal to the spectral flow of 

, — d 2tvU 
V^T— + + e 0<t<l). 

oip p 

It is easy to see that ind h 9_ aj = 0. Therefore we have ind <9a = —1. 
The proof for connections A with limits a, # is similar. 

3. Gluing formula 

3.1. 2-torsion invariant for closed 4-manifolds. We show a gluing formula for an invariant 

of non-spin closed 4-manifolds X introduced in [TB]. We recall the definition of 
briefly. (See also [10] for the case when X is spin.) This invariant is defined to be a function 
on a subspace of ®d>oH 2 (X] Z)® d as follows. 

Let X be a closed, non-spin, simply connected 4-manifold with b + > 1 and even. Take a 
principal S"0(3)-bundle P over X with W2(P) = W2{X) and with p±(P) = cr(X) mod 8. Here 
cr(X) is the signature of X. Fix a Riemannian metric on X. Then we have the moduli space 
Mp = Mp(g) of instantons on P. For generic g, Mp is a smooth manifold of dimension 

-2 Pl (P)-3(l + fc + (X)). 

Since we assumed & + (X) is even, the dimension is odd, and we can write dim Mp — 2d+ 1 for 
some integer d. 

Suppose d > and take d homology classes [Si], . . . , [E^] G H 2 (X; Z) with self-intersection 
number even. Then we have the determinant line bundles £^ — > Mp of the twisted (^-operator 
over Ej. We can take sections of £e 4 such that 

N = M P n v Sl n • • • n Vs d 

is a compact smooth manifold of dimension 1. (See |18j.) Here Vj] i is the zero locus of s^. 

Take a f/(2)-bundle Q over X with Q/[/(l) = P and a spin-c structure Sx of X with 
ci(dets) = — ci(Q). Then we have the real part 

(gzUk : r((,s + ® — ► r((5- ® £?) R ) 

of the twisted Dirac operator ^Z>a- Here A is a connection on Q, E is the rank 2 complex vector 
bundle associated with Q, and is the spinor bundles of s. We denote by A the determinant 
line bundle over M P of the family {($ A )n}[A]- We define ^([Ei], . . . , [E d ]) e Z 2 to be 

*£([£i], • • • , [£«,]) =#JVn sX^O) mod 2 



for a generic section s\ of A. We can see that this is independent of the choices of the 
Riemannian metric and the sections of the line bundles. 
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3.2. Relative invariants. In this subsection, we generalize ^I/^- 1 to compact manifolds with 
boundary Y. Here Y denote L(p, q) or —L(p, q) as usual. Throughout this subsection we 
assume that p is odd. 

Let X\ be a compact, connected, simply connected, non-spin 4-manifold with boundary 
Y . Assume that b + (Xi) > 0. We take a Riemannian metric on X\ whose restriction to Y 
coincides with the standard metric. Before we define the relative invariant of Xi, we discuss 
the dimension of moduli spaces of instantons over X\ = X\ U (Y x R>o). To calculate the 
dimension, we need the following: 

Lemma 3.1. Let Pi be an SO(3)-bundle over X\. There exists a cohomology class a G 
H 2 (Xi; Z) with the following properties: 

(i) a = W2{P\) mod 2, 

(ii) a\ Y = m H 2 (Y;Z). 

We will give the proof later. Fix a cohomology class a G H 2 (Xi; Z) with the above proper- 
ties. From the exact sequence 

H\Y; Z) = -> H 2 (Xi, Y; Z) ->■ H 2 (Xi, Z) -> H 2 (Y; Z) ->■ • • • 

and the property that a|y = 0, there is the unique lift a G H 2 (Xi, Y; Z) of a. We define 

a 2 : =< aUtt, >G Z. 

Proposition 3.2. We denote by Pi the extension of Pi to X\ = Xi U (Y x R>o) • For any 
fiat connection p over Y , we have 

dimM A p = -5 Y ([p\) - 2a 2 - 3(1 + b + (Xi)) mod 8. 

Here Mp i is the moduli space of instantons on Pi with limit p. 

We prove Lemma 13.11 and Proposition 13.21 Lemma 13.11 follows from: 

Lemma 3.3. The maps H 2 (Xi, Z) H 2 (Xi, Z 2 ) and H 2 (Xi, Z) H 2 (Y; Z) are surjective. 

Assuming this lemma, we prove Lemma 13711 By Lemma 13731 we can find a lift a' G H 2 (Xi] Z) 
of w 2 (Pi) G H 2 (Xi, Z 2 ). By Bockstein exact sequence 

# 2 (y; Z) ^> H 2 (Y; Z) F 2 (F; Z 2 ) = 

there is an element /3' G H 2 (Y;Z) such that a'\y = 2/3'. (Recall that we assumed that p 
is odd.) By Lemma [3731 we have an extension a" G H 2 (Xi,Z) of /?' G if 2 (F;Z). Putting 
a := a' — 2a", we obtain a cohomology class with the required properties. 

To prove Lemma 13. 3} we consider the exact sequences: 

► Hi(Y;Z) -> Hi{Xi-Z) -> ifi(Xi,F;Z) -> 

► ff^Xi; Z 2 ) ->■ # 2 (X i; Z) ^1 F 2 (X i; Z) ->■ H 2 (Xi; Z 2 ) ->■ # 3 (X i; Z) -> • • • 

^From the first sequence and the fact that #i(Xl; Z) = we see that Hi(Xi, Y; Z) = 0. (We 
assumed that X\ is simply connected.) By Poincare duality, we also have H 3 (Xi;7*) = 0. 
From the second sequence, it follows that H 2 (Xi, Z) — > H 2 (Xi, Z 2 ) is surjective. 
We also see that i7 2 (A A 1 ;Z) — > H 2 {Y;'L) is surjective from the exact sequence 

H 2 (X U Y; Z) # 2 (X i; Z) -> # 2 (F; Z) # 3 (X 1; F; Z) ^ iZipfi; Z) = 0. 
Proof of Proposition V3.<\ 
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Choose a cohomology class a G H 2 (Xi, Z) with the properties in Lemma 13. II Let Qi — y X\ 
be a [7(2)-bundle with C\{Q\) = a and fix an identification Qx/U(l) = P\. Since a\y = 0, we 
can take a trivialization <p> of Qi\y- We write rj for the trivial connection with respect to (p. 
The fact that H l (Xi, Z 2 ) = implies that the moduli space Mq i of instantons on Qi with 
fixed determinant is naturally identified with Mp i e . Here 9 is the trivial flat connection on 
P\\y with respect to the trivialization induced by (p. 

Take a compact oriented 4-manifold X 2 with boundary —Y. Then we have a closed 4- 
manifold X = Xi Uy X 2 . Using the trivialization (p, we extend Q\ to X in the obvious way. 
We write Qx for the f/(2)-bundle over X. By the index formula, we have 

(6) dimM Qx = 8c 2 (Q x ) - 2a 2 - 3(1 - b x {X) + b + {X)). 

Here we used the fact that c\{Qx) 2 = ex 2 . By the additivity of the index, we can also write 

(7) dimM Qx = dimM 0iT? + dimM^ + 3. 

Here Q 2 is the trivial f/(2)-bundle over X 2 . The formal dimension dimMg 2 is equal to the 
index of 

d* + d + : Ll'^A 1 ^ ®su(2)) — > L 2 ' e ((A^ © A+ 2 ) ®su(2)). 
It is easy to see that the index is 

(8) -3(l-6!(X 2 ) + 6 + (X 2 )). 
^From ([H]), ([7]) and ([HD, we obtain 

dimM Ae = dimMQ uV 

= 8c 2 (Q x ) -2a 2 -3(l + 6 + (X!)) 
= -2a 2 -3(1 + 6 + (Xx)) mod 8. 
It follows from the additivity of the index that 

dimM A p = dimMp ii0 - S Y {[p)) = S Y ([p\) ~ 2« 2 - 3(1 + & + (Xi)) mod 8 
for any flat connection p. 

From now on, we suppose that w 2 (Pi) = w 2 (Xi) mod 2, and fix a cohomology class a G 
H 2 (Xi, Z) with the properties in Lemma I'd. II Take a f/(2)-bundle Qi on Xi as in the proof of 
Proposition 13.21 As before, we identify the moduli spaces of instantons on Pi with the moduli 
spaces of instantons on Qi with fixed determinant a^et- Here a^et is a fixed connection on 
the [/(l)-bundle over X x induced by Q\. Suppose that the limit of adet at oo is the trivial 
connection. 

Since we supposed p is odd, if 1 (y;Z 2 ) = 0. Hence the moduli space of S'0(3)-flat connec- 
tions over Y and the moduli spaces of >SO(3)-instantons over FxM are also naturally identified 
with the moduli spaces of the S , f/(2)-bundle. Hence we can regard Floer homologies in the 
previous section as those defined by using the 5'0(3)-bundle P\\y- 

Suppose that 6 + (Xi) is odd. Then —2a 2 — 3(1 + 6 + (Xi)) is even. Put 

2a 2 + 3(l + fr+(X 1 )) 
d:- 2 

We define relative invariants of X\ in this situation. We consider three cases. In the first case, 
we will define \&^r G Id(Y) using 0-dimensional moduli spaces over X\. (Since 5y = mod 2, 

^^(Y) = 0. Hence we write h(Y) for I*(Y).) In the second case, we consider a homology 
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<r x \M >■ 



class [Ei] G H 2 (Xi;Z) with [Ei] ■ [Ei] = mod 2. Here E x is a closed oriented surface 
embedded in X\. Using 2-dimensional moduli spaces over Xx, we will define ^/^([Ei]) G 
Id-i(Y). In the last case, we consider a relative homology class [Ei] G H 2 (Xi, Y;Z). Here Ei 
is an embedded surface X\ with <9Ei = 7 C Y. We will define a relative invariant ^/^([Ei]) G 
IdiY,^) using O-dimensional and 2-dimensional moduli spaces, provided the class [Ei] satisfies 
some conditions. 

As in the definition of the invariant for closed manifolds X, we need Dirac operators on 
X\ to define the relative invariant. Take a spin-c structure Si of X\ with ci(detsi) = — ci(Qi). 
Let E\ be the rank 2 complex vector bundle over X\ associated with Q\. For any connection 
A on Qi, we have the twisted Dirac operator 

Here Sf are the spinor bundle associated with s±. For a connection A with limit p, put 

z p := ind^A G Z. 

For flat connections p over K with 5y ([/?]) = 2c? mod 8, we have O-dimensional moduli 
spaces Mp i . We define 

' #M A p mod 2 if z p = 1 mod 2, 
mod 2 otherwise . 

These numbers define an element ip^- G Cd(Y). 

Lemma 3.4. dtfj^\ = 0. 

This is proved by counting the number of the ends of 1-dimensional moduli spaces. The 
proof is similar to that of Lemma 12.31 and we omit the proof. 

Definition 3.5. = G I d (Y). 

Next consider a class [Ei] G H 2 (Xi, Z) represented by a closed, oriented surface Ei in 
X\. Suppose that the self-intersection number [Ei] ■ [Ei] is even. For flat connections p with 
5y([p]) = 2d — 2 mod 8, we have 2-dimensional moduli spaces Mp i . By the index theorem 
and the assumption [Ei] ■ [Ei] = mod 2 we can see that the numerical index of the twisted 8 
operators over Ei is even. This implies that the determinant line bundle £jj over the framed 
moduli space Mp i descends to the line bundle over Mp i as in subsection 12.31 As in [18] , 
we can take a section ss such that the zero locus Mp i PI (0) is compact, smooth manifold 
of dimension 0, i.e., a finite set. We put 

< n (Pi]), [p] >■= I * Mx ^ S ^ 1(0) I * *' = 1 m ° d 2 ' 

rxiVL ijyun 1 q mod 2 otherwise. 

These numbers define the element V'x.CPiD ^ C<f-i00- As before, this element is a cycle and 
gives an element of Ia-i(Y). 

Definition 3.6. tt£([£i]) = foMpi])] G I d -i(Y). 

Lastly consider a relative homology class [Ei] G H 2 (Xi, Y\ Z). Here Ei is a compact oriented 
surface in Xi with boundary 7, and 7 is a simple closed curve as in the previous section. 
Suppose that 

(9) < Ci(Qi; <p), [Ei] >= 1 mod 2 and [7] ^ in H^Y; Z), or 

(10) < ci(Qi; <p), [Si] >= mod 2 and [7] = in H 1 (Y; Z). 
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Here C\(Qi \ (p) G H 2 (Xi, Y; Z) is the relative Chern class of Q\ defined by the fixed trivializa- 
tion if over Y. The conditions above will be needed to obtain the determinant line bundle 
over . It is easy to see that < c\{Qx] <p); [Ei] > is independent of the choices of <p. 

First we consider the case when d ^ mod 4. For generators [p] G CF 2 d(Y) C Cd(Y;j), 
we have O-dimensional moduli spaces Mp i . Put 

< V^U^ijJ, lpj >- | o mod 2 otherwise . 

For generators [p] G CF 2( j_2(^) C Cd(Y]j), we have 2-dimensional moduli spaces Mp x . We 
want to define < ^Xi([Si]), [p] >G Z 2 using the determinant line bundle of Si over Mp i . To 
do this, we must check that the determinant line bundle over M„ descends to a line bundle 
over Mp i as usual. Here Mp i is the quotient of the space of instantons over X by the group 
of gauge transformations with limit 1. It is sufficient to show that the index ind + 8a of twisted 
9-operator over Si is even for connections A with limit p. 

Lemma 3.7. Let rj be the trivial flat connection on Qi\y with respect to the fixed trivialization 
p. For connections A on Q\ with limit rj, we have ind + 8^ =< ci(Qi; <p), [Si] > mod 2. 

The proof of this lemma will be given at the end of this subsection. By this lemma and 
Lemma [2 .7\ we obtain 

Lemma 3.8. Let p be a flat connection on P\\y with V p = U(l) and A be a connection on Pi 
with limit p. We denote by A the lift of A to Q 1 with the fixed determinant a& ei . Under the 
condition (Tj|) or /[TO]) , the index ind + 8^ is even. 

By this lemma, we have the determinant line bundle £g i — > Mp i , provided that §§§ or ffTUl) 
holds. 

For generators [p] G CF 2 d(Y) C Cd(Y;j), we can take a section s^ of £g i — > Mp i 
compatible with gluing maps as before. The zero locus M Pi p n sT^O) is a compact smooth 
O-dimensional manifold, i.e. a finite set. We define 

< tr rm.n \p\ >- 1 mp ^ n s ^ 1(0) mod 2 if ip = 1 mod 2 ' 

<*PxM^i\)Ap\>-{ mod2 otherwise . 

Put VxUPi]) : = E < H > H G Cd(^;7)- As usual we have: 

Lemma 3.9. ^(^(Pi])) = 0. 

Definition 3.10. tf£([£i]) := [^(PiDl e Wt)- 

Next we consider the case d = mod 4. Continuously we suppose (jHj) or (ITU1) holds. The 
only difference from the previous case is the term of the trivial connections. We have the 
O-dimensional moduli space Mp i e . We define 

<r x \(^i]),[o] >■= 

(11) J #Mp i>6 mod 2 ifi* = l mod 2, < ci(gi;y?), [Si] >= 1 mod 2, 
[ mod 2 otherwise. 

The other terms are defined as before. We can show that ^^([Si]) G C (Y; 7) is a cycle and 
we obtain the relative invariant ([Si]) G Iq(Y;j). 
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Proof of Lemma \3. 7 



To prove Lemma 13.71 take a compact, oriented surface £ 2 with boundary 7. Using the 
restriction ip\ y of the trivialization, extend Qi|ei to E = Si U 7 £ 2 . We denote it by Qs- Let 
i]2 be the trivial connection on the trivial ?7(2)-bundle over £ 2 = £ 2 U (7 x R>o). Since d V2 is 
the direct sum of two copies of the usual <9-operator, ind~ d m is even. Hence 

ind + &A n = ind + Ba v + ind~ d m mod 2. 

Here A v is a connection on Qi with limit rj. Moreover we have 

ind + Ba^ + ind~ d m = ind 8a s ■ 

Here As is the connection over £ obtained by gluing A v and 9 2 . By index formula we have 

mdd As =<ci(Q s ),[£] > . 

The right hand side is equal to < Ci(<5i;<£>), pi] >, since there is no contribution from £ 2 . 
Thus we have obtained 

ind + dA g =< ci(<3i; </?), [Si] > mod 2 

as required. 

3.3. Gluing formula. In this subsection, we construct gluing formulas for . To do this, 
we need pairings on Floer homologies. 

Lemma 3.11. Let p be a flat connection over Y with T p = U(l). Then we have 

8_ Y ([p}) = -8 Y ([p})-2 mod8. 
The proof is standard and we omit the proof. By this lemma, we have the natural pairing 

<•,•>: CF 2t (Y) ® CF_ 2i _ 2 (-Y) -> Z 2 . 
This paring induces the pairings 

C t (Y) ® C+^-Y) -> Z 2 , C^Y; 7) ® Y; 7) -> Z 2 , 
which give the identifications Q(Y)* = C_;_i(-Y), Cj(Y; 7)* = CFi^-Y; 7). 

^7)~^(-y, 7 ) Co(Y, 7 ) ^-Co(-Y, 7 ) 

CF 2l (Y) CF_ 2j (-Y) CF (Y) CF (-Y) 

© x © © x © 

CF 2J _ 2 (Y) CF_ 2i _ 2 (-Y) CF_ 2 (Y) C7F_ 2 (-Y) 

© © 
Z 2 < [0] > Z 2 < [0] > 

It is easy to see that the pairings induce pairings 

<, >:/ l (Y)©/_ l _ 1 (-Y)^Z 2 , <, >:/ l (Y;7)©/_ J (-Y;7)^Z 2 . 

Let X be a simply connected, non-spin, closed 4-manifold with a decomposition X = XiUyX 2 . 
Here X\ and X 2 are simply connected, non-spin 4-manifolds with b + > and with boundaries 
Y and — Y respectively. Take a homology class [£] G H 2 (X; Z) with [£] • [S] = mod 2. Here 
£ is an embedded surface in X. 
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Theorem 3.12. J/Sdi or E C X 2 , tfien 

n^p]) =< ^([s]),^ > or nan) =< n\,n 2 m) > ■ 

Suppose that E and Y intersect transversely and the intersection 7 := Y HE is diffeomorphic 
to S 1 . We denote E flXx and E flX 2 by E x and E 2 respectively. Assume that [Ex] satisfies flU]) 
or (TlOh . ( We can easily see that [E 2 ] also satisfies (jHJ) or (ITU]) -) We have the relative invariants 

nupi]),*^]). " 

Theorem 3.13. Under the above situation, 

nm)=< n\(im,n\(p2])>. 

We give outline of the proof of Theorem 13.131 in the case when d = mod 4. 

Suppose that d = mod 4. Take a sequence {T a } Q of positive numbers with T a — > 00 and 
a sequence {g a } a of Riemannian metrics on X such that a neighborhood of Y in X is isometric 
to (Y x [— T Q ,T a ],gy + (it 2 ). Here gy is the standard metric on Y and t is the coordinate 
of [— T a ,T a ]. Let Mp(g a ) be the moduli space of instantons over the Riemannian manifold 
(X,g a ) of dimension 3, where P is an S'0(3)-bundle with u> 2 (P) = io 2 (X). Take sections 
: Mp(g a ) — >■ £s compatible with the gluing maps as usual. Then we have 

Lemma 3.14. y4ny sequence [A a ] G Mp(g a ) D (s^) -1 ^) /ias a subsequence [A a '] such that 

[A a '} — ► ([Ax], L4 2 ]), 

and one 0/ i/ie following occurs: 

(1) [At] G M Ap n s^(0), [A 2 ] G M Ap; T p = £7(1), dimM Ap = 2,dimM Ap = (i.e. 
[p] G CF_ 2 (F);. 

(jBJ [Ai] G M Aip; [A 2 ] G Mp 2>p n 8^(0), T p = 1/(1), dimM AjP = 0,dimM Ap = 2 fie. 
[p] G CF (Y)j. 

^ [Ax] G M A e; [A 2 ] G Mp 2fi , dimM A e = dimM A e = 0. 

Take generic sections : M P (g a ) ->■ A. For a sufficiently large, M P (o a ) n (sg) _1 (0) n 
( s a) _1 (0) * s identified with 

II U^Wan^r 1 ^)) u 

[p]: 

<5y([p])=-2 mod 8 

II II n (st)-\o)) u 

[p]: b 
<5y([p])s0 mod 8 

II'S f o(3) e n( a l)- 1 (o)n( a X)- l (o). 

c 

Here a, b and c run over 

(Mpup n sg(0)) x M A p , M AjP x (M A p n sg(0)), and M A e x Mp 2 

respectively, and U(l) a , C7 (l)t, and 50(3) c are the gluing parameters as before. 

Lemma 3.15. The restrictions A.\u(i) a and A\u^ b are non-trivial if and only ifi p = 1 mod 2, 
andA\so{3), and £x\so(3) c are non-trivial if and only if i s = 1 mod 2 and < cx(Qx! <p), [Ex] >= 
1 mod 2 respectively. 
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This can be proved as [ISJ Lemma 3.30]. Note that the condition that < c\(Qx\ <p), [Si] >= 1 
mod 2 implies that the index of twisted <9-operator of Ei is odd by Lemma 13.71 By Lemma 
13.151 we obtain 

nan) E * ( m a,p n <(«)) ■ * M h, P + 
ip}- 

5 Y ([p])=-2 mod 8 
t p =l mod 2 

E # M A,p-#( M p 2 ,p n ^(°)) + 

[p]-- 

S y {Ip])=0 mod 8 
i p =l mod 2 

#M A>fl • #Mp 2j , mod 2 if i e = 1, < Cl (Q i; <p), pi] >= 1 mod 2 , 
mod 2 otherwise . 

The right hand side is < ([Ex]), (P2]) > by definition. Thus we have proved Theorem 

4. Calculation and Application 

4.1. Moduli space. In this section, we calculate Floer homology, making use of the results 
of Austin [2] and Furuta-Hashimoto [15], [14"] . 

Throughout this section we assume that p is an odd positive integer. Instantons on L(p, g)xl 
correspond to Z p -invariant instantons on S A . Let P be the principal S'C/(2)-bundle over S A 
with C2 = k and be the moduli space of instantons on P. The moduli space of instantons 
over L(p, q) x R is identified with the fixed point set of a Z p -action on M^. 

First we consider the action of T = S 1 x S 1 on S* 4 = C 2 U {00} defined by 

(ti,t 2 ) ■ (zi,z 2 ) = (tiz 1 ,t 2 z 2 ). 

The set of the isomorphism classes of S'0(3)-bundles P over S" 4 with a lift of the T 2 -action 
and with P\{P) < is isomorphic to Z >0 x Z >0 . We denote the bundle corresponding to 
(ki, k 2 ) G Z >0 x Z >0 by P(ki, k 2 ). The bundle is characterized by the following: 

(i) The isotropy representation of t = (ti,t 2 ) G T at 00 G 5 4 is 

cos 9 — sin 9 
sin 9 cos 9 
1 

up to conjugate. Here t^t^ 2 = e %e . 

The isotropy representation of t e T at G 5* 4 is 

cos # — sin ^ 
sin 9 cos ^ 


up to conjugate. Here t\ l t 2 2 = e td . 
(hi) Pl (P(k 1 ,k 2 )) = -4k 1 k 2 . 

Let P(k u k 2 ) be the S£/(2)-bundle with P(&i, fc 2 )/{±l} = P(h,k 2 ). The second Chern 
class of P(ki, k 2 ) is fci^. A double cover T of T naturally acts on P and we have the induced 
action of T on the moduli space = M(P(fc 1? A^))- Here = fciA^- 
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By Atiyah-Bott-Lefschetz fixed point formula, we obtain: 
Lemma 4.1 ([14]). Let [A] G M*. be a T -invariant instanton and t G T '. Then we have 

Tr(t\T [A] M(P(k h k 2 ))) = -1 + J2 Mi*2- 

».i 

i/ere t = (ti,^) £ T is the image oftET under the projection and 

( 2 if\i\ < k u \j\ < k 2 , 
tkj = < 1 »/ |i| = fei, |j| < h or \i\ < k t , \j\ = k 2 , 
^ otherwise. 

We have a natural inclusion Z p >• T defined by £ H- (£, ( g ). Since we assumed p is odd, there 
is a unique lift Z p >■ T. Restricting the above formula to Z p C T, we obtain the following: 

Corollary 4.2. The dimension of the fixed points set M{P{k\, k2)) Zp is given by 
dimM(P(A; 1 , k 2 )f* = -1 + 2N 1 (k 1 , k 2 ;p, q) + N 2 (k u k 2] p, q). 



Here 



(12) 



N^kuk^p^) = 

#{ E Z 2 | i + qj = mod p, |i| < fci, |j| < k 2 }, 

N 2 (ki,k 2 ;p,q) = 

#{ G Z 2 | i + qj = mod p ; |i| = fci, \j\ < k 2 , or \i\ < k 1: \j\ = k 2 }. 



For flat connections p over Y = L(p, q) with Y p = U(l), 

5 Y ([p}) = dim M pe + 1 mod 8. 

On the other hand, the dimension of the moduli space M p q is congruent to dimM(P(A;i, k 2 )) Zp 
modulo 8. Here hi, k 2 are positive integers such that the restriction of the isotropy representa- 
tion of P(ki, k 2 ) at oo G S 4 to Z p is isomorphic to the holonomy representation of p and that at 
G S 4 is trivial. We can find such ki, k 2 as follows. Suppose that the holonomy representation 
of p is given by 

C l o 
o (- 1 

up to conjugation. Here I is a positive integer with < / < p. Take a positive integer r with 
qr = 1 mod p. Then fci, k 2 are any positive integers satisfying 

k\ = I mod p, k 2 = — W mod p. 



1 i — ► 



By Corollary 14. 2\ we have: 

Corollary 4.3. Take a flat connection p over Y = L(p, q) with T p = U(l). Then we have 

5 Y ([p}) = 2N 1 (k 1 ,k 2 ;p,q)+N 2 (k 1 ,k 2 ;p,q) mod 8, 

where ki, k 2 > are determined as above. 

If is a solution to the equation defining N 2 (k±, k 2 ;p, q), then (— i, —j) is also a solution 
and ^ (0,0). Therefore N 2 (ki,k 2 ;p,q) is even. Thus we have: 

Corollary 4.4. When p is odd, 5y([p]) = mod 2. 

The boundary map of Floer homology i*(L(p, q)) was defined using the moduli spaces M pa 
of dimension 1. Such moduli spaces are completely determined as follows: 
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Theorem 4.5 [33]). (1) For any k u k 2 > 0, M(P(k 1 ,k 2 )) f = R >0 . 

(2) Let P — > S 4 be an SU (2) -bundle with c 2 = k. Suppose that the action ofL p on S 4 lifts 
to an action on P. If the fixed point set M k p is not empty and 1- dimensional, then 
there exists ki,k 2 > such that the action of Z p on P is the restriction of the action 
off on P(ki, k 2 ). Furthermore we have an identification M^ p = M(P(ki, k 2 ))^ . 

Corollary 4.6. Let p, a be flat connections over Y = L(p, q) such that the formal dimension 
of M pa is 1. If there exists ki, k 2 > such that 

(i) the isotropy representation of P{k\ 1 k 2 ) at G S 4 is isomorphic to the holonomy repre- 
sentation of p, 

(ii) the isotropy representation of P(ki, k 2 ) at oo G 5* 4 is isomorphic to the holonomy repre- 
sentation of a, and 
(m) dimM(P(ki,k 2 ))^ = 1, 

then we have an identification M pa = R. If such k\ and k 2 do not exist, then M pcr = 0. 

4.2. Index of Dirac operator. Take flat connections p and a on the trivial S , f/(2)-bundle 
Q = Y x SU(2) with T p ,T a = U{1). Assume that M pa is not empty and that M pa is 1- 
dimensional. We will compute the index ind 'Pa of the twisted Dirac operator. We write A' 
for the pull-back of A by the projection S* 3 x R — > Y x R. We have the virtual representation 
space Ind ^Z>a' of Z p . We can write 

Ind^A' = J^nXn, 

n 

where Xn is the 1-dimensional representation space of Z p of weight n. Then we have 

ind ^3 a = b . 

For the lifts p\a' of p, a, we may take trivializations (fi,(p 2 of the trivial 5*?7(2)-bundle Q' = 
S 3 x SU(2) such that p', a' are trivial with respect to <px, <p 2 - Using ip 1 and <p 2 , we extend n*Q' 
to 5" 4 = D 4 U S 3 x R U D 4 . Here vr is the projection 5* 3 x R — > S 3 . We have the extension B 
of A' to 5* 4 . That is, B is equal to A' over S 3 xK and trivial on the Discs. 

Lemma 4.7. We have 

Ind ty B = Ind pe Di + Ind $ A , + Ind $>e D4 
as virtual representation spaces ofL p . 
This lemma will be proved later. 

By the Weizenbock formula and the facts that D 4 has a metric of positive scalar curvature 
which restrict to the standard metric on 3D 4 = S 3 and Op* is flat, we have 

ind $>e D4 = 0. 

Therefore we obtain 

Ind^A' = Ind^B 

as representation spaces of Z p . Theorem 14.51 implies that B is a T-invariant connection on 
P(ki, k 2 ) for some (k±, k 2 ) G Z >0 x Z >0 and we can regard Ind fi B as a representation space 
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of T. By Atiyah-Bott-Lefschetz fixed point formula we obtain 
ind($ B ,t) 



kl k 2 k 1 k 2 k\_ fcg_ _hX k 2 

4-2 4- 2 \ 4 2 4-2 J 2 1 2 4 2 4 2 

L l L 2 ~r L l L 2 L l L 2 L l L 2 



i 



(^-VX^I-V) 

-k 1 +l -fc!+3 fcj-1 -'=2+ 1 - fc 2+ 3 ' 

-(tr 3- + *r^~ + • • • + t~)(t~ + 1~ + ---+t 2 



2 



Restricting to Z p C T, we have 
ind(# B ,C) 

, , -fcl + l , -fcl+3 , ,. q(.-k 2 + l) . q(-k 2 +3) l(k 2 -l) 

= -((— + c~ + • • • + C~)(C^^~ + c^^~ + • • • C^ - ) 

k± — 1 k2~l 

E_ _fc 1+ 2a + l + q(-fc 2 +2fa+l) 

a=0 fe=0 

The index ind G Z is the constant term of the right hand side. Thus we have obtained: 

Proposition 4.8. The index ind *p a G Z is equal to minus the number of solutions of the 
following equation for (a, b) : 

-k t + 2a+ 1 + q(-k 2 + 26 + 1) = mod 2p (0 < a < k x - 1, < b < k 2 - 1). 
It remains to determine (ki, k 2 )- Suppose that the holonomy representations of p, a are given 

by 

(' o \ / c m o 

o r'j' v c~" 

where < I < p, < m < p. From the fact that the restriction of the isotropy representations 
of P(k\, k 2 ) to Z p C T are given by these matrix (up to conjugation), k% and k 2 must satisfy 
one of the following four equalities: 

ki = ±Z + ±m mod p, fc 2 = r(±m — ±Z) mod p. 

Here r is a positive integer with rq = 1 mod p. Note that we must consider both of Z and — Z 
since the matrixes 

C o \ _ A ( Cr l o 



o C~' J and V C 

are conjugate. Similarly for m. Since dimM pa is 1 and dimM pcr is given by the formula in 
Corollary 14.21 k\ and k 2 also satisfy the condition that the set of the solutions to the 
equation 

i + qj = mod p, |i| < fcj., |j| < fc 2 

is a subset of {(0, 0), ±(/ci, /c 2 ), ±(&a, — Z^)}. If M pa is not empty, we can find such a pair 
(ki,k 2 ) by Theorem 14.51 

The discussions of the previous subsection and this subsection give us a way to compute 
I*{Y). Here we summarize the way to compute I*(Y). Fix a positive integer r with qr = 1 
mod p. 

(i) MM)- 

For an integer Z with < Z < p, let p; be a flat connection whose holonomy represen- 
tation is given by 

c~ l 
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where ( = e p . Choose positive integers ki, k 2 with 

(13) k\ = Z mod p, k 2 = —rl mod p. 
Consider the equation for G Z x Z: 

(14) % + q j = mod p, |z| < fcj., |j| < k 2 . 

Define Ni(ki,k 2 ',p,q) to be the number of solutions with |i| < ki, \j\ < k 2 , and 
define N 2 (ki, k 2 \ p, q) to be the number of solutions with |z| = fcj, \j\ < k 2 or with 
\i\ < ki,\j\ = k 2 . Then the degree 5y([pz]) is 

2N 1 (k 1 ,k 2 ;p,q) + N 2 {k 1 ,k 2 ;p,q) mod 8. 

The vector space Ci(Y) is spanned by the gauge equivalence classes [pi] with 5y([pz]) = 2i 
mod 8. 

(ii) <d([p})M >. 

Take generators [pi] G Ci(Y), [p m ] G Ci_i(Y). Here < / < p, < m < p. 
(a) If there exists k%, k 2 > such that k% and k 2 satisfy one of the following four equations 

(15) ki = ±Z + ±m mod p, /«2 = r(±m — ±Z) mod p, 

and the set of solutions to (TBI) is a subset of {(0, 0), ±(/c 1; fc 2 ), —^2)}, then 

< <9(N), [p m ] 

< a < fcj - 1, < b < k 2 - 1, 
-k x + 2a + 1 + g(-/c 2 + 26 + 1) = mod 2p 



# (a,6)GZ 2 



mod 2. 



(b) Otherwise < d([pi], [p m ] >= mod 2. 
Proof of Lemma \4- 7| 

In the proof of the usual addition property of the index, three data are used. These are cut 
off functions, stabilizations So : M. N — > T(Fi) of differential operators D : T(F ) —> T(Fi) (i.e. 
D © S is surjective) and right inverses of the stabilized operators D © S . (See [7] for details.) 
In our setting, Fq, F\ and D are defined overS 3 x M or D 4 . Moreover Z p acts on Fq, F\ and -D 
is Zp-equivalent. It is sufficient to prove that we can make these data Z p -equivalent. 

It easy to see that we can choose Z p -invariant cut off functions. To take a Z p -equivalent 
stabilization, put Sj := tfSo for j = 1, 2, . . . ,p—l. Here So : — > T(F±) is a fixed stabilization 
of D and ( = exp(2n V^T/p). Define a Z p -action on C pN = C N © ■ ■ ■ © by 

C ■ (V , Vi,..., Vp-i) = (Vp-i, v , «i, . . . , v p - 2 ). 

Then 

s : = s © Si © ■ ■ • © Vi : c pJV ->• r(F0 

is a stabilization of D and Z p -equivalent. Choose any right inverse Q' of D © S and define 



j=0 



Then this operator is also a right inverse of D © S and Z„-equivalent. 
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4.3. L(8N + 1, 2). In this subsection, we compute Floer homology for Y = L(8N + 1,2). The 
following vanishing of Floer homology was suggested by Yuichi Yamada. 

Proposition 4.9. For all i, we have Ii(L(8N + 1,2)) =0. 

Put Y = L(8N + 1, 2). The complex C*(Y) is generated by [pi], [p 2 ], ■ ■ ■ , [pan]- Note that 
[ Pl ] = [p 8iV+1 _ z ]. Put r = AN + 1. Then 2 ■ r = 1 mod 8iV + 1. 

• SrM)- 

Let / be an odd integer with 1 < I < AN. Put k x = l,k 2 = AN — Then is satisfied. 
We consider the equation ffT4"|) . The solutions to the equation 

i + 2j = <h = l, \j\ <k 2 = AN- 

are 

=(0, 0), (2, -1), (4, -2), ...,(/- 1, --^), 

-(2,-l),-(4,-2),...,-(/-l,-^i). 
The solutions to the equations 

i + 2j = ±(8N + l) (\i\<l,\j\<AN- 1 -^) 

are 

(i,j) = ±(l,AN- 1 -^). 
For any m G Z with |m| > 2, the equations 

t + 2j = m(8N + 1), < I, \j\ < AN — ^i) 

do not have solutions. Hence we have 

Ntih, k 2 ; 8N + 1, 2) = I, N 2 (k u k 2 ; 8N + 1, 2) = 0. 

Therefore 

6 Y {[pi\) = 21 mod 8. 

Next let I be an even integer with 1 < I < AN. Put An = I, k 2 = 8N + 1 - |. Then flB]) is 
satisfied. The solutions to the equation 

% + 2j = (|i| < An = Z, |j| < fc 2 = 8iV + 1 - ~) 

are 

(z, j) =(0, 0), (2, -1), (4, -2),...,(l-2,- l - + 1), (/, -1), 

- (2, -1), -(4, -2), ...,-(/- 2, -- + 1), -(/, -i). 
The solutions to the equations 

i + 2j = ±(8N + l) (\i\<l, \j\<8N + l-t) 
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are 



(i, j) = ± (1, AN), ±(3, AN - 1), . . . , ±(Z - 1, 4iV - ~ + 1) 

± (-1, 4iV + 1), ±(-3, 4iV + 2), • • • , ±(-Z + 1, 4iV + 
The solutions to the equations 

i + 2j = ±2(8iV+l) (\i\<l, \j\<8N + l-~) 

are 

(i,j) = ±(/,8JV+l-|). 
For m G Z with |m| > 3, the equations 

i + 2j = m(8iV + 1) (|z| < I, \j\<8N + l--) 

do not have solutions. Hence we have 

Nx(ki, k 2 ;8N + 2,2) = l + 2- ^ + 4 ■ l - = 3/ - 1, 

iV 2 (fc 1 ,fc 2 ;8iV + 2,2) = 2, 

5 y ([p]) = 2(3/- l) + 2 = 6/ mod 8. 

Thus we have obtained 

21 if Z is odd, 
6/ if Z is even, 

Z 2 < [p 3 ], ■ • ■ , [P47V-i] > ^ = 3 mod 4, 
C t (L(SN+ 1,2)) = \ ^<N.N r --,[P4iv- 2 ] > i = 2 mod 4, 
^ Z 2 < [pi],[p 5 ],...,[p47v- 3 ] > i = l mod 4, 
Z 2 < [p 4 ], [ps], • • • , [P4iv] > « = mod 4. 

• < <9([p 4s+4 ]), [p 4<+3 ] > (0 < s,t < N - 1). 

If s 7^ i, for fci, k 2 > satisfying one of the equations (jT5l) . we have ki > 3. Hence (2, — 1) 
is a solution to the equation (fl4"|) and (2,1) is not included in {(0, 0), ±(A; 1? A; 2 ), ±(A; 1 , ±fc 2 )}- 
Therefore we have 

< <9([p 4s+4 ]), [p 4t+3 ]) >= mod 2 (s ^ t). 
Suppose that s = t. Put fci = 1, k 2 = 4iV — 4s — 3. Then we can see that k\ and /c 2 satisfy one 
of the equations (IT51) : 

k! = l-m, k 2 = {AN + l)(-m - Z) mod 8JV + 1. 

The only solution to the equation 

i + 2j=0 mod8iV + l (|i| < 1, \j\ < AN - As - 3) 

is (0,0). Hence < <9([p 4s+4 ], [p 4s + 3 ] > is the number of solutions to the equation 

2(-AN + As + 3 + 2b+ 1) = mod2(8iV + l), (|6| < 4iV - 4s - 4). 

This equation has the unique solution 

6 = 2iV-2s-2. 



S Y ([pi)) 



Therefore 

< <9([p 4s+4 ], [p 4s+3 ] >= 1 mod 2. 
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Hence the boundary map C^iY) — > Ca_i{Y) is isomorphic. It follows from d o d = that 
d : C 4i+ -i{Y) -> C Ai+2 {Y) is zero. 

• < «9([p 4s+2 ]), [PAt+i] > (0 < s, t < N - 1) 

As in the previous case, we can see that < <9([p 4s+2 ]), [pu+2\ >= mod 2 for s 7^ t. 

Let s — t. Put &i = 1, fc 2 = 4iV — 4s — 1. Then fci and k 2 satisfies one of the equations (TT5|) : 

fei = Z - to, £; 2 = (4iV + 1)(-to - Z) mod 8iV + 1. 

The equation ( 114)) with &i = 1, A; 2 = 4iV — 4s — 1 has the unique solution (0, 0). Moreover the 
equation 

2(-4iV + 4s + 1 + 2b + 1) = mod 2(8N + 1), (0 < b < AN - 4s - 2) 
also has the unique solution 

6 = 2JV-2s + l. 

Hence we have 

< d([p4 S+2 \), [pis+i] >= 1 mod 2. 
The boundary map d : (Y) — > Cn + i(Y) is isomorphic and d : C4i+i(F) — > C^i{Y) is zero: 

• • • A c 4i+4 (F) 4 c, l+3 (Y) A c 4j+2 (r) 4 c 4t+1 (Y) A c 44 (F) A ••• 

Thus we have obtained the statement of Proposition 14.91 

4.4. Application. The aim of this subsection is to prove the following: 

Theorem 4.10. Let X = CP 2 #CP 2 and Y = L(p, q). Then X does not admit a decomposition 
X = X\ Uy X2, when p is a prime number of the form 16 A + 1 and q = 2. Here X% and X 2 
are simply connected, non-spin J^-manifolds with b + = 1 and with dXi = Y , 8X 2 = —Y. 

Before proving this, we give some relevant remarks. 

Remark 4.11. (1) The first remark was pointed out by Kouichi Yasui. Assume that X = 
CP 2 #CP 2 has a decomposition X = X\ Uy X 2 for some Y = L(p, q). Here Xi and X 2 are 
as in Theorem 14.101 Then p must be of the form a 2 + b 2 for some integers a and b. This 
can be seen as follows. As stated in Lemma 14.121 below, we have if 2 (Xi;Z) = Z. Take 
a generator a G if 2 (Ai;Z). Since Hi(Y;Z) = Z/(a 2 ), we have cr 2 = p. Here cr 2 is the 
self-intersection number of a. On the other hand, we can think of a as a homology class 
of X through the natural map H 2 (Xi, Z) — > H 2 (X; Z). In H 2 (X; Z), we can write 

a = aHi + bH 2 , 

where Hi and H 2 are the natural generators of H 2 (X; Z), and a, b are some integers. Hence 
we have a 2 = a 2 + b 2 . Therefore we have p = a 2 + b 2 . 

From this, we see that X = CP 2 #CP 2 does not admit a decomposition along L(p, q) for 
p = 3,6,7, 11,.... 

(2) By Dirichlet's theorem (see, for example, [201 Chapter VI]), there are infinitely many prime 
numbers of the form 16 A + 1: 

17,97,113,193,241,257,337... 

By Fermat's two squares theorem, every prime number p with p = 1 mod 4 is a sum of 
two squares (See [6]). Hence all prime numbers of the form 16iV + 1 can be written as 
a 2 + b 2 for some a, b G Z. 
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(3) M. Tange and Y. Yamada [21] showed that there are decompositions CP 2 #CP 2 = XiUyX2 
for infinitely many lens spaces Y = L(p,q). Here Xx,X 2 are as in Theorem I4.1UI For 
examples, 

Y = L(5, 1), L(13, 9), L(29, 9), L(34, 9), 

£(89, 25), L(233, 64), ... , L(28657, 7921), . . . 

On the other hand, 28657 is a prime number and congruent to 1 modulo 16. (This was 
pointed out by Yamada.) Hence CP 2 #CP 2 can not be decomposed along L (28657, 2) by 
Theorem 14.101 

It is easy to see the following. 

Lemma 4.12. Put Y = L(p,q). Assume that X = CP 2 #CP 2 has a decomposition X = 
X\ Uy X 2 . Here Xi,X 2 are as in Theorem \4-lU[ Then we have 

# 2 (X;Z) = Z, H 2 {X l -7L 2 )=7L 2 . 

We show the following lemma making use of Proposition 13.21 

Lemma 4.13. Let Y be L(p,q) and X\ as in Theorem \4-10[ Take an SO(3)-bundle P\ over 
X\ with w 2 (P\) = w 2 (Xi). Then we have 

dim M Pi p = S Y ([p]) -2p-6 mod 8. 

Take a cohomology class a G H 2 (Xi, Z) with the properties in Lemma I3TT1 From Proposition 
13. 2\ we have only to show that a 2 = p mod 8. Since X\ is non-spin and a = w 2 (Xi) mod 2, 
we can take p/3 as a. Here (3 e H 2 (Xi,7*) = Z is a generator. (Recall that we assumed p is 
odd.) By the exact sequence 

H\Y- Z) = ->• H 2 (X U Y; Z) 4 

if 2 (Xi; Z) = Z -> i/ 2 (F; Z) = Z p -> ^ 3 (Xi, F; Z) = 0, 

we see that H 2 (Xi, Y\ Z) = Z and that j*(<5) = p/3 = a for some generator a e H 2 (Xi, Y; Z). 
Since the pairing 

F 2 (X 1; Y; Z) ® ^ 2 (X i; Z) — )■ Z 
induces an identification H 2 (Xi, Y; Z) = H 2 (Xi, Z)*, we have 

<&UP,[X U Y] >=±1. 

Thus 

a 2 =< a U a, [X l5 Y] >= ±p. 
Since if 2 (X!; Z) = Z and ^(X^ = 1, the above equality has a plus sign, and hence a 2 = p. 



Proof of Theorem Jf.,10 



Put Y = L(p, 2), where p is a prime number of the form 16X+1. Assume that X = CP 2 #CP 2 
admits a decomposition X = X x Uy X 2 . Here X x and X 2 as in Theorem 14.101 It follows from 
Lemma 14.131 that 

(16) dim M Xl>p = -5 Y {[p\) mod 8. 

By [191 Theorem 3.29], we can take a cohomology class ho G H 2 (X;Z) with h ■ h = 
mod 2 such that 

*^(/io) = l mod 2. 
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Let S be a closed surface embedded in X which represent the homology class h . We have the 
following three cases: (i) Edi, (ii) Scl 2 , (in) £ H Y ^ 0. 

(i) Suppose that Sclj. By Theorem 13.121 we have 

It follows from ffT6j) that the relative invariant ([£]) lives in I_i(Y). By Proposition 14.91 
we have \&^r ([£]) = 0, and hence ^^(/lo) = mod 2. This is a contradiction. 

(ii) Suppose that £ C X 2 . Then 

n(Ao) =< > and G J (Y). 

Since Io{Y) = 0, we have a contradiction. 

(hi) Suppose that £ fl V 7^ 0. We may assume that the intersection E D F is transverse and 
the number of connected components of E D Y is 1. (If the number of connected components 
is larger than 1, join the connected components of E fl Y in Y by thin tubes without change 
of the homology class [E] G H 2 (X; Z). ) Thus we can suppose 7 := E fl Y is diffeomorphic to 
S 1 . Put Ei := X\ fl E and E 2 := £ fl X 2 . Suppose that £1 ( and hence E 2 ) satisfies (Q or 
(flU!) . Then by Theorem 13.131 and (|T6|) we have 

¥£(/io) =< ^(Pi])^^]) >, and ^([Ex]) G J (Y; 7 ). 
We show that ([£1]) = in Iq(Y; 7). Recall that the complex for I*(Y; 7) is as follows: 

(17) C X (Y; 7) — C (Y; 7) — C_!(y; 7) 



CF 2 (Y) — ^ C*b(Y) — U cfJ 2 (y) 




Z 2 < [0] > 

In the proof of Proposition 14.91 we proved that the map CF (Y) — > CF_ 2 (Y) is isomorphic 
and the maps CF 2 (Y) ->■ CF (Y) and CF_ 2 (Y) ->■ CF_ 4 (Y) are trivial. (Note that Q(Y) = 
CF»(Y)0 

Let ^ = ([£1]) be the element of Co(Y; 7 ) which represents the class ^^([Ei]). (See 
Subsection 13.21 for the definition of ip^ ([Ei]).) We can write 

V> = Vo + V>-2 + n[0], 

where ^0 and ip- 2 are elements in CFq(Y) and CF_ 2 (Y) respectively, and n =< ip, [8] >G Z 2 . 
Assume that ipo 7^ 0, then from the diagram ffTTj) . we can see that the C-F_ 2 (Y)-component of 
the image d^(ip) is non-trivial. This is a contradiction, since ip is a cycle. Thus we can write 

V> = V-2 + n[0]. 

We will prove that z'e = mod 2 later. (See Lemma 14.141 below. Recall that ig is the index 
of Dirac operator twisted by a connection over X± with trivial limit.) By (jlip . we have n = 
mod 2. Hence ^ is included in CF_ 2 (Y). Since CF (Y) — > CF^ 2 (Y) is isomorphic, ip is in the 
image of the map. We denote the inverse image by tp' Q G CF (Y). From the above diagram 
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ffTTl) we can see d-y(ip' Q ) = ip. Therefore ([Ei]) = in Io(Y; 7), and we have a contradiction 
again. 

If Si does not satisfy both of §§§ and ffTUl) . then 

(18) < c x (Qi; (p); [Ei] >= mod 2 and [7] ^ in H^Y; Z), or 

(19) < ci(Q 2 ; <p), [Ei] >= 1 mod 2 and [7] = in Hi(Y; Z). 

Assume that (fl8|) holds. Since is a homomorphism, (p/io) is also non-trivial. Here 
p = 16iV+l. Let E' be an embedded surface in A representing ph . Then we can easily see that 
Ei = Xi HE' and E' 2 = A 2 fl E' satisfy ([TO]) . Assume that ffl9l holds. In this case, we consider 
the class ho + 2h\. Here /ii G iif 2 (A;Z) is defined as follows. Fix a loop 71 in Y such that 
the class [71] G i/i(F;Z) is a generator. Take relative homology classes [E"] G H 2 (Xx, Y; Z), 
[Eg] G if 2 (A 2 ,y;Z) such that dE" = 71, 9E 2 ' = 71. We can see that there are such surfaces 
from the exact sequences 

H 2 (Xi,Y) — ► ifx(y) — ► i?iM = 0. 

Put /i! = 2[E' 1 / U E 2 ']. Then ^ • /ii = mod 2 and ^(h + 2h x ) = 1 mod 2. Take a surface 
E w in A which represents the class /i + 2/i x , and put Ef := A a n E w , E 2 " = A 2 n E w . We can 
see that [E"'] and [Eg"] satisfy (jUJ). The same argument as above gives a contradiction in each 
case. 

It remains to prove the following. 

Lemma 4.14. Put Y = L(p,2) and let X± be as in Theorem \4-10j Here p is a positive 
integer of the form 8 A + 1. Choose a cohomology class a G H 2 {X\\ r £) as in Lemma \3.1\ 
and a U(2)-bundle Q\ over X\ with c\ = a. Denote the extension of Qi to the bundle over 
X\ = X\ U (Y x [0, 00)) by Qi as usual. For a connection A\ on Q\ with trivial limit 7], we 
have 

ind $> Ai = N mod 2. 
Hence if p is of the form 16 A + 1, the index is even. 

To prove this, take a spin 4-manifold A' with boundary —Y. For the trivial connection rj^-, 
on the trivial £7(2)-bundle over X' = X'U ((-Y) x [0, 00)), we have 

ind fy Vjtl = mod 2 

since 3^ is the direct sum of two copies of the Dirac operator associated with a spin structure. 
Hence we have 

ind = ind + ind $) Vu mod 2. 

By the additivity of the index, the right hand side is equal to the index ind a" of the Dirac 
operator over X" = X\ Uy A'. Here A" is the connection obtained by gluing A\ and Q%,. 
Denote by Q" the C/(2)-bundle over X" obtained from Qi and the trivial bundle over A'. By 
Atiyah-Singer's index theorem, 

ci(Q") 2 -sign(A") 



ind?) 



A" 



a 2 - sign(Ai) - sign(A') 
8 

a 2 — 1 — sign(A') 
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Here sign(X"), sign(Xi) and sign(X') are the signatures of X", X 1 and X' respectively, and 
we have used the additivity of the signatures. We showed that a 2 = p (= 8iV+ 1) in the proof 
of Lemma 14.131 Hence we have 

ind gU* = Sign(X/) — N — Sign(X0 . 



The proof is reduced to showing that sign(X') = mod 16. We can see this, using Casson- 
Walker invariant [22] • Let A(M) be Casson- Walker invariant of a closed, oriented 3-manifold 
M. Then we have 

sign(X') = 4p 2 \(-L(p, 2)) mod 16. 
See [221 (6.5) Proposition]. Moreover we have 

A(-L(p,2)) = -A(L(p,2)) = g(g))((^ 



((*)) 



o if x e z, 

x — \x] — h otherwise. 



See [22] (6-3) Proposition]. A calculation shows that 

p(p-l)(p-5) 16JV(2JV- 1)(8JV + 1) 



sign(X') 



6 3 
Since N(2N - 1)(8N + 1) = mod 3, we have 

sign(X') = mod 16 

as required. 
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